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Heavy flavor particles are promising probes for the properties of the quark-gluon plasma (QGP)
which is produced in relativistic heavy-ion collisions. The interaction of heavy quarks with equi-
librated matter can be described by transport coefficients. In heavy-ion collisions matter is not
completely thermalized. In this article we investigate how the drag coefficient A and qˆ , the trans-
verse momentum transfer by unit length, of charm quarks are modified if the QGP is not in complete
thermal equilibrium using the dynamical quasi-particle model (DQPM) which reproduces both, the
equation-of-state of the QGP and the spatial diffusion coefficient of heavy quarks as predicted by
lattice quantum chromodynamics (lQCD) calculations . We study three cases: a) the QGP has an
anisotropic momentum distribution of the partons which leads to an anisotropic pressure b) the
QGP partons have higher or lower kinetic energies as compared to the thermal expectation value,
and c) the QGP partons have larger or smaller pole masses of their spectral function as compared
to the pole mass from the DQPM at the QGP temperature. In the last two cases we adjust the
number density of partons to obtain the same energy density as in an equilibrated QGP.
In the first scenario we find that if the transverse pressure exceeds the longitudinal one for small
heavy quark momenta A becomes larger and qˆ smaller as compared to an isotropic pressure. For
heavy quarks with large momentum both, A and qˆ , approach unity. If the partons have less kinetic
energy or a smaller pole mass as compared to a system in equilibrium charm quarks lose more
energy. In the former case qˆ decreases whereas in the latter case it increases for charm quark with
a low or intermediate transverse momentum. Thus each non-equilibrium scenario affects A and qˆ
of charm quarks in a different way. The modifications in our scenarios are of the order 20-50 %
at temperatures relevant for heavy ion reactions. These modifications have to be considered if one
wants to determine these coefficients by comparing heavy ion data with theoretical predictions from
viscous hydrodynamics or Langevin equations.
PACS numbers: 25.75.Nq, 25.75.Ld
I. INTRODUCTION
It is by now consesus that relativistic heavy-ion colli-
sions produce an extremely hot and dense matter which
transform into a QGP. It is very important and valu-
able to investigate the properties of matter under such
extreme conditions, because such matter existed in the
early universe and may exist in neutron stars. Heavy
flavor particles are promising probes to study mat-
ter at extreme conditions produced in heavy-ion colli-
sions at relativistic energies. Their production is reli-
ably described by perturbative quantum chromodynam-
ics (pQCD). Since they are early produced, in a relativis-
tic heavy-ion collision they collide with the bulk matter
from the very early stage to the final one and collect in-
formation on these interactions.
The hot and dense matter modifies not only the pro-
duction but also the dynamics of heavy flavor particles.
For example, heavy flavor particles with a large trans-
verse momentum, p⊥, are pushed to lower p⊥ due to
∗Electronic address: tsong@gsi.de
their energy-momentum loss in matter, while those with
a small p⊥ are boosted toward larger p⊥ by the collec-
tive flow. The interactions of heavy flavors with matter
are expressed in terms of the nuclear modification factor,
RAA, and the elliptic flow v2. It has been found that
both RAA at large p⊥ and the elliptic flow, v2, of heavy
flavor particles are compatible to those observed for light
flavors. This confirms that heavy flavor particles interact
strongly with matter [1–3], because initially they do not
have an elliptic flow.
Since heavy flavor particles have much larger masses
than their light flavor counterparts, they are unlikely to
thermalize in heavy-ion collisions unless they have ini-
tially a low p⊥. Therefore hydrodynamics is not appli-
cable to heavy flavor particles, though it has been very
successful for describing the dynamics of bulk particles.
Usually a Langevin or a Boltzmann transport approach is
used to describe the time evolution of heavy flavor parti-
cles in heavy-ion collisions [4–13]. The key ingredients of
the Langevin approach as well as for viscous hydro calcu-
lations are transport coefficients which can be calculated
from the scattering amplitudes of heavy flavor particle
with light particles from the QGP [4, 14]. Usually the
transport coefficients are calculated as functions of mo-
2mentum and temperature using the assumption that the
collision partners from the QGP are in thermal equilib-
rium.
For three reasons this assumption is probably not al-
ways true for heavy ion collisions to which these models
are applied. 1) Even bulk particles need time to reach
complete thermal equilibrium after production. The
color glass condensate model [15, 16] predicts for example
that in the early stage of heavy-ion collisions the trans-
verse pressure is stronger than the longitudinal pressure.
2) The transverse momentum spectra of particles pro-
duced in heavy-ion collisions fall off with a power law for
large momenta, a consequence of the hard scattering at
production and are therefore far from a thermal distri-
bution [17, 18]. 3) Even in central collisions there is a
corona of nucleons which just do not scatter sufficiently
often to come to a thermal equilibrium. This modifies
transport coefficients as has been shown in ref. [19, 20].
When comparing the calculated transport coefficients
with experimental heavy ion data, these non-equilibrium
effects have to be considered and it is therefore necessary
and useful to study systematically how the transport co-
efficients of heavy quarks will be modified, if the QGP is
not completely equilibrated.
In this study we calculate the transport coefficients
of charm quarks using the collision integral for elas-
tic collisions. To describe the QGP we employ the
dynamical quasiparticle model (DQPM) [21], where a
QGP is composed of strongly interacting quasiparticles
whose pole mass and spectral width are fitted to the
equation-of-state obtained by lattice quantum chromo-
dynamics (lQCD) calculation. The scattering between
heavy quarks and the off-shell partons is calculated us-
ing leading order Feynman diagrams [22, 23]. This is
motivated by the fact that the DQPM reproduces the
spatial diffusion coefficient of heavy quarks as a function
of temperature, which is presently the only observable
for heavy quarks from lQCD.
We introduce three non-equilibrium scenarios in this
study: a QGP with anisotropic pressure, a QGP with
partons having excessive or deficient kinetic energies with
respect to thermal ones, and a QGP where partons are
heavier or lighter than the spectral function given by
the DQPM. In the latter two cases we keep the equi-
librium energy density by adjusting the particle density.
In each scenario the coefficients of momentum drag and
transverse momentum diffusion of the charm quarks are
calculated and compared to the coefficients obtained for
a completely thermalized QGP. In the non-equilibrium
scenarios we calculate the temperature from the energy
density with the help of the equation-of-state of partonic
matter from lQCD.
This paper is organized as follows: In section II we
briefly review the DQPM and the calculations of trans-
port coefficients. Then three non-equilibrium scenarios
are introduced in section III and the transport coeffi-
cients of charm quark are calculated for each scenario
and compared to those in equilibrium. Finally all results
are summarized in section IV, and transport coefficients
in a simple case are derived in Appendix A.
II. TRANSPORT COEFFICIENTS IN DQPM
A. Dynamical Quasiparticle Model
The dynamical quasiparticle model (DQPM) inter-
prets the QGP in terms of strongly interacting quarks
and gluons, whose properties are fitted to lattice QCD
calculations in thermal equilibrium and at vanishing
chemical potential. The self energies are complex. The
real part gives the mean-field potentials, whereas the
imaginary part provides information about the lifetime
and/or reaction rates of the particles. The DQPM pos-
tulates the following form for the parton spectral function
[24]:
ρj(ω,p) =
γj
E˜j
(
1
(ω − E˜j)2 + γ2j
− 1
(ω + E˜j)2 + γ2j
)
≡ 4ωγj(
ω2 − p2 −M2j
)2
+ 4γ2jω
2
(1)
separately for quarks, antiquarks, and gluons (j =
q, q¯, g). Here, E˜2j (p) = p
2 + M2j − γ2j , the widths γj
and the masses Mj from the DQPM are functions of the
temperature T and the chemical potential µ. Both are
chosen to reproduce the lQCD calculations. By applying
a nonrelativistic approximation to Eq. (1), one obtains
Breit-Wigner spectral functions, ρ(m), which read as [25]
ρi(m) =
2
π
2m2γi
(m2 −M2i )2 + (2mγi)2
. (2)
This distribution fulfills the normalization∫∞
0 dm ρ(m) = 1.
The dynamical quasiparticle mass M is assumed to be
given by the HTL thermal mass in the asymptotic high-
momentum regime, i.e., for gluons by [24]
M2g (T, µq) =
g2(T, µq)
6
((
Nc +
1
2
Nf
)
T 2 +
Nc
2
∑
q
µ2q
π2
)
,
(3)
and for quarks (antiquarks) by
M2q(q¯)(T, µq) =
N2c − 1
8Nc
g2(T, µq)
(
T 2 +
µ2q
π2
)
, (4)
where Nc = 3 stands for the number of colors while
Nf (= 3) denotes the number of flavors. Furthermore,
the effective quarks, antiquarks, and gluons in the DQPM
have finite widths γ, which are adopted in the form [24]
3γg(T, µq) =
1
3
Nc
g2(T, µq)T
8π
ln
(
2c
g2(T, µq)
+ 1
)
, (5)
γq(q¯)(T, µq) =
1
3
N2c − 1
2Nc
g2(T, µq)T
8π
ln
(
2c
g2(T, µq)
+ 1
)
,
(6)
where c = 14.4 is related to a magnetic cutoff, which is
an additional parameter of the DQPM. Furthermore, we
assume that the width of the strange quarks is the same
as that for the light (u, d) quarks. With the choice of Eq.
(1), the complex self-energies for gluons Π =M2g −2iωγg
and for (anti)quarks Σq = M
2
q − 2iωγq are fully defined
via Eqs. (3), (4), (5), and (6).
The coupling g2, which defines the strength of the in-
teraction in the DQPM, is extracted from lQCD ther-
modynamics. Its temperature dependence at vanishing
chemical potential can either be obtained by using an
ansatz with a few parameters adjusted to results of lQCD
thermodynamics [25–27], or can directly be obtained by
a parametrization of the entropy density from lQCD as
explained in Ref. [28]. The extension to finite baryon
chemical potential, µB , is performed by using a scaling
ansatz which works up to µB ≈ 450 MeV [29], and which
assumes that g2 is a function of the ratio of the effective
temperature T ∗ =
√
T 2 + µ2q/π
2 and the µB-dependent
critical temperature Tc(µB) as [30]
g2(T/Tc, µB) = g
2
(
T ∗
Tc(µB)
, µB = 0
)
(7)
with µB = 3µq and Tc(µB) = Tc
√
1− αµ2B , where Tc is
the critical temperature at vanishing chemical potential
(≈ 0.158 GeV) and α = 0.974 GeV−2.
By employing the quasiparticle properties and dressed
propagators as given by the DQPM, one can deduce the
scattering cross sections as well as the interaction rates
of light and charm quarks in the QGP as a function of
the temperature and the chemical potential [25, 28]. The
matrix elements |M |2 of the corresponding processes are
calculated in leading order. For simplicity, we restrict
ourselves in this study to vanishing baryon chemical po-
tential, which reflects the physical situation in heavy-
ion collisions at the relativistic heavy-ion collider (RHIC)
and the large hadron collider (LHC).
B. transport coefficients
The distribution of charm quarks changes in a mat-
ter with time due to interactions and is expressed in a
Fokker-Planck equation as
∂f(p)
∂t
=
∂
∂pi
[
Ai(p)f(p) +
∂
∂pi
[Bij(p)f(p)]
]
, (8)
where f(p) is charm distribution function [14]. Here, we
study the drag and transverse/longitudinal diffusion co-
efficients which are defined as [4, 14, 22]
A(p) = −
~A(p) · ~p
|~p| = −
d〈∆p〉
dt
= 〈〈(p− p′)x〉〉, (9)
BL(p) =
1
2
pipj
|~p|2 Bij(p)
=
1
2
d〈(∆pL)2〉
dt
=
1
2
〈〈(p− p′)2x〉〉, (10)
BT (p) =
1
4
(
δij − pipj|~p|2
)
Bij(p)
=
1
4
d〈(∆pT )2〉
dt
=
1
4
〈〈p′2y + p′2z 〉〉, (11)
qˆ(p) =
d〈(∆pT )2〉
dx
=
4E
pL
BT (p), (12)
where
〈〈O∗〉〉 ≡ 1
2Ep
∑
i=q,q¯,g
∫
d3k
(2π)32E
fi(k)
∫
d3k′
(2π)32E′
×
∫
d3p′
(2π)32E′p
O∗ (2π)4δ(4)(p+ k − p′ − k′) |Mic|
2
γc
,(13)
with (Ep, p), (E, k) being energy-momenta in the
entrance channel of the heavy flavor parton and of
the scattering partner i from the QGP, respectively.
(E′p, p
′), (E′, k′) are the energy-momenta after scatter-
ing and Mic, γc, and fi(k) are the scattering amplitude,
the degeneracy factor of the particle of interest, and the
distribution function of scattering partner i, respectively.
Since we are interested in heavy flavor particles at mid-
rapidity (pz = 0), the initial momentum is taken to be
~p = (px, 0, 0) in the above equations. We note that the
definitions of BL(p) and BT (p) from Ref. [4] are a factor
of two larger than those from Ref. [14] which we adopt
in Eqs. (10) and (11).
Equation (13) is equivalent to
〈〈O∗〉〉 ≡
∑
i=q,q¯,g
∫
d3k
(2π)3
γifi(k) O
∗ vicσic, (14)
where vic and σic are the relative velocity and the scat-
tering cross section of particle c and i, respectively.
Since partons in the DQPM are off-shell particles, their
mass has a spectral distribution, and Eqs. (13) and (14)
are modified into
〈〈O∗〉〉 ≡ 1
2Ep
∑
i=q,q¯,g
∫
dmρi(m)
∫
dm′ρi(m
′)
×
∫
d3k
(2π)32E
fi(k,mi)
∫
d3k′
(2π)32E′
∫
d3p′
(2π)32E′p
×O∗ (2π)4δ(4)(p+ q − p′ − q′) |Mic|
2
γc
, (15)
4or
〈〈O∗〉〉 ≡
∑
i=q,q¯,g
∫
dmρi(m)
∫
d3k
(2π)3
γifi(k,mi)
×O∗ vicσic, (16)
where ρi(m) and ρi(m
′) are the spectral functions of the
incoming and the outgoing light partons, Eq. (2). σic is
the scattering cross section averaged over the final mass
of the light parton. We assume that the off-shellness
of charm quarks is negligible. This means that charm
quarks have a fixed mass.
Since the mass of the incoming parton is different from
that of the outgoing parton, the integration over the
phase space has to be done carefully, especially when the
outgoing mass is larger than the incoming mass. If the
energy-momenta of the charm quark and the light parton
are expressed as
pµ = (Ep, p, 0, 0),
kµ = (E, k cos θ, k sin θ, 0),
the threshold energy for the production of a more massive
final state is given by
s = m2c +m
2
i + 2EpE − 2pk cos θ ≥ (mc +mf )2, (17)
where m2c = p
2, m2i = k
2 and m2f = k
′2. This leads to
m2i −m2f + 2(EpE −mcmf )
2pk
≥ cos θ. (18)
If the left-hand-side of Eq. (18) equals −1, θ = π and the
corresponding momentum is given by
k =
−Cp+ Ep
√
C2 −m2im2c
m2c
, (19)
where C ≡ mcmf + (m2f −m2i )/2. Assuming mf > mi,
C is always positive.
On the other hand, if the left-hand-side of Eq. (18)
equals +1, all values of θ are possible and the correspond-
ing momentum is
k =
Cp+ Ep
√
C2 −m2im2c
m2c
, (20)
or
k =
Cp− Ep
√
C2 −m2im2c
m2c
. (21)
The kinematically forbidden range of ~k is depicted in
figure 1. The inside of the volume in figure 1 (a) indi-
cates the kinematically forbidden ~k for small charm mo-
mentum and the volume in figure 1 (b) for large charm
momentum. The kx line indicates the direction of ~p. In
FIG. 1: ~k is kinematically forbidden inside the volumes (a) for
a small charm quark momentum p and (b) for large p. Two
intersections of the kx line, which indicates the direction of
~p, by the 3-dimensional volume correspond to Eqs. (19) and
(20) in the upper figure and to Eqs. (20) and (21) in the lower
figure.
the former case the maximum and the minimum of for-
bidden k are given by Eqs. (20) and (19), respectively,
in the latter case by Eqs. (20) and (21). The two cases
coincide, when
Ep = E
∗
p ≡
m2f −m2i + 2mcmf
2mi
=
C
mi
. (22)
In other words, if Ep is smaller than Eq. (22), it corre-
sponds to the upper figure, and larger Ep corresponds to
5the lower figure. The integration range of cos θ is given
by Eq. (18) in both cases.
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FIG. 2: Drag coefficient divided by the charm quark mo-
mentum (upper), qˆ scaled by T 3 (middle), and the spatial
diffusion coefficient (lower) of charm quarks as a function
of temperature and/or charm quark momentum from the
DQPM [22, 23] in comparison with the spatial diffusion coef-
ficients from lQCD calculations [31].
We show the drag coefficient divided by charm quark
momentum in the upper panel of figure 2 and qˆ = d <
p2t > /vLdt of charm quarks (with vL being the longitudi-
nal velocity) scaled by T 3 in the middle panel as functions
of temperature and charm quark momentum. The lower
figure presents the spatial diffusion coefficients as a func-
tion of temperature, which corresponds to the vertical
axis of the upper panel:
Ds = lim
p→0
T
mcη
, (23)
where η = A/p with p being charm quark momen-
tum [22]. As follows from the figure, the spatial diffu-
sion coefficients from the DQPM are comparable to those
from lattice QCD (lQCD) calculations [31].
III. MODELING OF NON-EQUILIBRIUM
MATTER
A. scenario 1: modeling of anisotropic medium
We start with the modeling of an anisotropic medium.
The longitudinal and transverse pressures are respec-
tively defined as
P‖ = Tzz =
∫
d3k
(2π)3
k2z
E
f(k), (24)
P⊥ =
Txx + Tyy
2
=
∫
d3k
(2π)3
k2x + k
2
y
2E
f(k), (25)
where f(k) is the particle distribution function and z is
the beam direction of the heavy-ion collision.
In isotropic or thermalized matter P‖/P⊥ = 1 while
P‖/P⊥ 6= 1 for anisotropic matter. For example, the
glasma from the color glass condensate model has a
smaller longitudinal pressure compared to the transverse
pressure P‖/P⊥ < 1 [32–34] before the thermalization
time. On the other hand, in the parton-hadron-string dy-
namics (PHSD) transport approach the transverse pres-
sure is initially small and grows with time before reaching
thermal equilibrium [35].
An anisotropic pressure can be modeled in many differ-
ent ways. For instance, the magnitude of the momentum
vector of the particle is rescaled as a function of the mo-
mentum angle or an angle dependent weight function of
momentum vector is introduced. While the effect of the
magnitude of the momentum vector will be discussed in
the next subsection, in this subsection here we generate
an anisotropic pressure by introducing a weight function
to f(k) as follows: For P‖/P⊥ > 1,
f(k)→ f(k, θ) = (α+ 1)| cos θ|αf(k), (α ≥ 0), (26)
where cos θ = kz/|k|. α is a parameter to control the
anisotropy, and ‘α+1’ is the normalization factor to keep
particle number per volume the same.
6For P‖/P⊥ < 1,
f(k)→ f(k, θ) = (α + 1)(1− | cos θ|)αf(k), (α ≤ 0).(27)
Eqs. (26) and (27) are combined into
f(k)→ f(k, θ) = (|α| + 1)
×
{
| cos θ|αΘ(α) + (1− | cos θ|)−αΘ(−α)
}
f(k), (28)
where Θ(x) is the step function. In other words, P‖/P⊥ >
1 for α > 0 and P‖/P⊥ < 1 for α < 0. Integrating Eqs.
(24) and (25) over cos θ we obtain
P‖ ∼
∫ 1
0
d(cos θ) cosα+2 θ =
1
α+ 3
,
P⊥ ∼ 1
2
∫ 1
0
d(cos θ) sin2 θ cosα θ =
1
(α + 1)(α+ 3)
,
(29)
for α ≥ 0, and
P‖ ∼
∫ 1
0
d(cos θ) cos2 θ(1− cos θ)−α
=
2
(−α+ 1)(−α+ 2)(−α+ 3) ,
P⊥ ∼ 1
2
∫ 1
0
d(cos θ) sin2 θ(1− cos θ)−α
=
4− α
2(−α+ 2)(−α+ 3) (30)
for α ≤ 0. Therefore the relationship between pressure
anisotropy and α is given by:
P‖/P⊥ = α+ 1, (α ≥ 0),
P‖/P⊥ =
4
(−α+ 1)(−α+ 4) , (α ≤ 0), (31)
with P‖/P⊥ = 1 at α = 0.
Figure 3 shows the pressure anisotropy as a function
of α. As mentioned, the pressure is isotropic for α = 0,
the longitudinal pressure is larger than the transverse
pressure for α > 0, and vice versa for α < 0.
To get an idea how the transport coefficients depend on
the anisotropy of the pressure we consider some simple
cases. The interaction rate in the heat bath frame is
given by
dN coll
dt
= 〈〈1〉〉 =
∫
d3p2
(2π)3
f(p2)vrelσ
=
1
2E1
∫
d3p2
(2π)32E2
f(p2)
∫
d3p3
(2π)32E3
∫
d3p4
(2π)32E4
×|M |2(2π)4δ(4)(p1 + p2 − p3 − p4),(32)
-10 -5 0 5 10
10-2
10-1
100
101
 
 
p |
|/p
FIG. 3: Pressure anisotropy as a function of α, see Eq. (31)
where 〈〈...〉〉 is defined in Eq. (13) and all particles are
assumed to be on-shell. Assuming for simplicity isotropic
scattering with |M |2 = 1, we obtain
dN coll
dt
=
1
8πE1
∫
d3p2
(2π)32E2
f(p2)
pcm√
s
, (33)
where
pcm =
√
{s− (m3 +m4)2}{s− (m3 −m4)2}
2
√
s
with m23 = p
2
3 and m
2
4 = p
2
4.
Now we move to the center-of-mass frame. Since the
scattering is isotropic, the average ∆pL, (∆pL)
2, and
(∆pT )
2 per scattering are simply calculated as [22]:
〈∆pcmL 〉 =
pcm
4π
∫
dΩ(cos θ − 1) = −pcm,
〈(∆pcmL )2〉 =
(pcm)2
4π
∫
dΩ(cos θ − 1)2 = 4
3
(pcm)2,
〈(∆pcmT )2〉 =
(pcm)2
4π
∫
dΩ sin2 θ =
2
3
(pcm)2. (34)
The result can be expressed in vector or tensor form
〈∆pcmi 〉 = −pcm(p̂1cm)i, (35)
〈∆pcmi ∆pcmj 〉 =
1
2
{δij − (p̂1cm)i(p̂1cm)j}〈(∆pcmT )2〉
+(p̂1
cm)i(p̂1
cm)j〈(∆pcmL )2〉
=
{
δij
3
+ (p̂1
cm)i(p̂1
cm)j
}
(pcm)2, (36)
where p̂1
cm is the unit vector of ~p1 in the center-of-mass
frame. The result can be brought into a covariant form,
〈∆pcmµ 〉 and 〈∆pcmµ ∆pcmν 〉 with vanishing time compo-
nents,
〈∆pcm0 〉 = 0,
〈∆pcm0 ∆pcmµ 〉 = 〈∆pcmµ ∆pcm0 〉 = 0, (37)
7because the energy does not change by elastic scattering
in the center-of-mass frame. In the DQPM model energy
can be exchanged even in elastic collisions, because the
final mass may be different from the initial one. This
corresponds to a quasi-elastic scattering.
Moving back to heat bath frame and using Eqs. (33)-
(37), one can construct drag and diffusion coefficients as
follows:
A(p1) = − p
cm
8πE1
√
s
(p̂1)i
×
∫
d3p2
(2π)32E2
f(p2)L˜
µ
i 〈∆pcmµ 〉, (38)
BL(p1) =
pcm
16πE1
√
s
(p̂1)i(p̂1)j
×
∫
d3p2
(2π)32E2
f(p2)L˜
µ
i L˜
ν
j 〈∆pcmµ ∆pcmν 〉, (39)
BT (p1) =
pcm
32πE1
√
s
{
δij − (p̂1)i(p̂1)j
}
×
∫
d3p2
(2π)32E2
f(p2)L˜
µ
i L˜
ν
j 〈∆pcmµ ∆pcmν 〉, (40)
qˆ(p1) =
pcm
8πp1
√
s
{
δij − (p̂1)i(p̂1)j
}
×
∫
d3p2
(2π)32E2
f(p2)L˜
µ
i L˜
ν
j 〈∆pcmµ ∆pcmν 〉, (41)
where p̂1 is the unit vectors of ~p1 in the heat bath frame,
and L˜ symbolizes the Lorentz transformation from the
center-of-mass frame to the heat bath frame. We note
that L˜µi (p̂1
cm)µ 6= (p̂1)i because p̂1cm has only spatial
components. Since we are interested in charm at mid-
rapidity, p̂1 is in the x−direction, x̂.
For a simple check, we take the following three distri-
bution functions:
case 1 : f(p2) =
(2π)3
2V
δ(p2x)δ(p2y)
×
{
δ(p2z − k) + δ(p2z + k)
}
, (42)
case 2 : f(p2) =
(2π)3
2πV
δ(p2x − k cosφ)
×δ(p2y − k sinφ)δ(p2z), (43)
case 3 : f(p2) =
(2π)3
4πV
δ(p2x − k cos θ)δ(p2y − k sin θ cosφ)
×δ(p2z − k sin θ sinφ), (44)
where V is the volume introduced to obtain right dimen-
sion and k is taken to be a constant. The first, second
and third cases correspond to P‖/P⊥ = ∞, 0, and 1,
respectively.
The interaction rate, the drag coefficient and qˆ of the
charm quark for case 1 with |M |2 = 1 are given by
dN coll
dt
=
√
E21E
2
2 −m21m22
16πV E1E2(2E1E2 +m21 +m
2
2)
, (45)
A =
(E1E2 +m
2
2)
√
E21E
2
2 −m21m22
16πV E1E2(2E1E2 +m21 +m
2
2)
2
p1, (46)
qˆ =
k2(E21E
2
2 −m21m22)3/2
48πV p1E2(2E1E2 +m21 +m
2
2)
3
×
{
2(2E1E2 +m
2
1 +m
2
2)
k2
+ 1 +
3(E1E2 +m
2
1)
2
E21E
2
2 −m21m22
}
,
(47)
which are derived in detail in the Appendix A.
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FIG. 4: The ratio of the drag coefficient (upper) and qˆ (lower)
of charm quarks at midrapidity in a QGP with anisotropic
pressure (P||/P⊥ = ∞ and P||/P⊥ = 0) and a thermal-
ized QGP (P||/P⊥ = 1). We employ an isotropic scattering
(|M |2 = 1) and p2 is given by Eqs. (42)-(44) with k being 0.5
GeV. The masses of the charm quark and the scattering part-
ners are taken as 1.5 and 0.5 GeV, respectively. The initial
charm quark moves in transverse direction.
Figure 4 shows the ratio of the drag coefficient (top)
and of qˆ (bottom) for extremely anisotropic pressures and
8for isotropic pressure. The former is given by Eqs. (42)-
(43) and the latter by Eqs. (44), assuming isotropic scat-
tering (|M |2 = 1). The masses of the charm quark and
its scattering partner are taken to be 1.5 and 0.5 GeV,
respectively, and the momentum of the heat bath parti-
cle is assumed to be 0.5 GeV. This gives k = 0.5 GeV in
Eqs. (42)-(44).
If the charm quark has a small momentum, it will be
like a static particle and the direction of momentum after
scattering will follow that of scattering partner. There-
fore, in the case 1 (P||/P⊥ = ∞) the ratio of the drag
coefficients decreases at small momenta, while that of
transverse diffusion coefficient or qˆ increases, as shown
in figure 4. On the other hand, the ratio of the drag
coefficients increases, while that of qˆ decreases in case 2
(P||/P⊥ = 0).
When the charm quark momentum increases, the ra-
tio of the drag coefficients shows a nontrivial behavior.
It does not converge monotonously to one but increases
above one in case 1 and decreases below one in case 2,
then it slowly converges to one in both cases. On the
contrary, the ratios of qˆ converge monotonously to one
with increasing charm quark momentum. Since both,
the ratio of the drag coefficients and that of qˆ, converge
to one in the limit of large charm quark momentum, one
can conclude that the angular distribution of the momen-
tum of the scattering partner is not important for very
energetic charm quarks.
Figure 5 shows the ratios of the drag coefficients and of
qˆ of charm quarks for an anisotropic pressure and for an
isotropic pressure as a function of the temperature and
the charm quark momentum, employing DQPM. One can
see that the ratio of the drag coefficients has a similar
behavior with increasing charm quark momentum as we
observed in figure 4 (a). With increasing temperature
the lines of a constant ratio move to larger charm quark
momenta, because a larger parton momentum due to a
higher temperature can be rescaled with a larger charm
quark momentum.
The ratios of qˆ are similar to those in figure 4 (b) at low
charm momentum. However, they do not monotonously
converge to one, but cross one with increasing charm mo-
mentum before converging finally to one. This difference
comes from the non-isotropic scattering. Isotropic scat-
tering is assumed in figure 4, while the more realistic
scattering angle distribution from PHSD is taken in fig-
ure 5, where the scattering is more forward peaked with
increasing charm quark momentum.
We conclude from figure 5 that for charm quarks with a
small momentum at high temperature the modifications
of the transport coefficients in a non-equilibrium QGP
amounts to at most 20% compared to the transport co-
efficients in an equilibrium QGP. At lower temperatures
the modifications are smaller. The QGP is only for a
short time at such high temperatures. Therefore it will
be difficult to see this difference in the experimental data.
B. Scenario II: non-equilibrium in kinetic energy
In this subsection we consider the second scenario
where a non-equilibrium medium is modeled by varying
the kinetic energy. In models which assume thermal equi-
librium, for example hydrodynamics, particle spectra and
multiplicities are calculated using a grand canonical dis-
tribution. On the other hand, transport models do not
assume thermal equilibrium and particle multiplicities
and momentum distributions are microscopically calcu-
lated through particle propagation and scattering in the
medium. In other words, particle multiplicities and mo-
mentum distributions are dynamically generated in these
simulations.
For example, the PHSD transport approach defines a
local temperature through the local energy density to-
gether with the equation-of-state from lQCD [36, 37].
The temperature defines the densities and masses in the
DQPM. The same energy density can, however, be ob-
tained by a higher average kinetic energy of the partons
and a reduced parton density or by an increased parton
density and a lower average kinetic energy as compared
to the values obtained in complete thermal equilibrium.
To model this non-equilibrium feature, we introduce an
artificial temperature T ∗ which determines the average
kinetic energy of particles by introducing the distribution
function
fi(p) =
Di
exp(E/T ∗)± 1 ×
ǫ(T )
ǫ(T ∗)
, (48)
where Di is degeneracy factor of the particle i and ǫ(T )
is energy density at the temperature of T ,
ǫ(T ) =
∑
i=q,q¯,g
Di
∫
d3p
(2π)3
E
exp(E/T )± 1 . (49)
Eq. (48) describes the situation in which the momen-
tum distribution of the partons is characterized by the
temperature T ∗ whereas the energy density, ǫ(T ), corre-
sponds to the temperature T :
∑
i=q,q¯,g
Di
∫
d3p
(2π)3
Efi(p) = ǫ(T
∗)× ǫ(T )
ǫ(T ∗)
= ǫ(T ). (50)
In other words, the local energy density does not
change, but the parton number density and the aver-
age kinetic energy change. If T ∗ > T , partons have a
larger kinetic energy but are less in number compared to
those in thermal equilibrium. In the other case, T ∗ < T ,
partons have less kinetic energy but are more abundant.
From Eq. (48) one can calculate the particle num-
ber density in the non-equilibrium situation from that
in equilibrium:
nneq(T ) =
∑
i=q,q¯,g
Di
∫
d3p
(2π)3
fi(p) = n
eq(T ∗)
ǫ(T )
ǫ(T ∗)
,(51)
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FIG. 5: The ratio of drag coefficients (left) and qˆ (right) of charm quarks at midrapidity with longitudinal pressure being 10,
2, 0.5, and 0.1 times transverse pressure and the corresponding coefficients for isotropic pressure as functions of temperature
and charm quark momentum from the DQPM. The initial charm quark momentum is in transverse direction.
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and obtains the ratio
nneq(T )
neq(T )
=
neq(T ∗)
neq(T )
× ǫ(T )
ǫ(T ∗)
. (52)
We note that the ratio of the number density in the
DQPM is more complicated than Eq. (52) because of the
spectral function.
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FIG. 6: The ratios of parton number densities in non-
equilibrated and equilibrated matter for T ∗/T = 0.8, 1.2, and
1.4 from the DQPM, assuming that the energy density is that
of equilibrated matter.
The ratio of the particle number densities in non-
equilibrium and that in equilibrium from the DQPM as
a function of temperature and for a couple of tempera-
ture ratios, T ∗/T , is shown in figure 6. As mentioned,
for T ∗/T < 1 the particle number density increases and
the particles have smaller kinetic energies than in ther-
mal equilibrium. On the other hand, the particle number
density is smaller for T ∗/T > 1 and the kinetic energy
increases to keep the energy density unchanged. The ra-
tio is closer to one near Tc, because in the DQPM the
parton mass increases as the temperature approaches Tc.
Before calculating the drag coefficient and qˆ of charm
quarks in the DQPM, one can roughly estimate both in
the simple case of Eq. (44), where the parton momentum
is isotropic and has the constant norm k which is taken
as 0.4, 0.5, and 0.6 GeV. We assume a parton mass of 0.5
GeV. The ratios of the drag coefficient and qˆ for k = 0.4
GeV and 0.6 GeV and that for k = 0.5 GeV are shown
in figure 7.
One might expect that transport coefficients of heavy
quarks are large if the scattering partner has a large ki-
netic energy. This is true for the drag coefficient and qˆ at
small momentum of the charm quark as shown in figure 7.
As the charm quark momentum increases, the ratio of
the drag coefficients becomes larger than one for k = 0.4
GeV, and smaller than one for k = 0.6 GeV. While the
ratio of qˆ converges to one with increasing charm quark
momentum, the ratio of drag coefficient does not.
In the previous subsection we showed that the drag co-
efficient of charm quarks does not depend on the angular
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FIG. 7: The drag coefficient and qˆ of charm quarks which
scatters off a parton whose momentum is k = 0.4 GeV (upper
panel) or k = 0.6 GeV (lower panel) in Eq. (44) divided by
the same transport coefficients for k = 0.5 GeV as a function
of the charm quark momentum. The parton mass is taken as
0.5 GeV and isotropic scattering (|M |2 = 1) is assumed.
distribution of the parton momentum in the limit of a
large charm quark momentum. Therefore, Eq. (44) can
be reduced to Eq. (42), where the parton momentum ~k is
either kz or −kz. From Eq. (A10) of Appendix A we see
that the asymptotic form of the drag coefficient is given
by
lim
p1→∞
A =
1
64πV E2
, (53)
where p1 is the charm quark momentum, from which the
ratio of the drag coefficients for different charm quark
momenta is given by
lim
p1→∞
A(p′2)
A(p2)
=
E2
E′2
, (54)
where (E2, p2) and (E
′
2, p
′
2) are two different energy-
momentum vectors of the scattering partner of the charm
quark. For example, we display in figure 7 (a) this ratio
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for p2 = 0.4 GeV and p
′
2 = 0.5 GeV. The inverse propor-
tionality of the drag coefficient to the energy of the scat-
tering partner originates from the scattering cross section
lim
E1→∞
σ =
1
32πE1E2
, (55)
which is derived in Appendix A. As the energy of the
scattering partner, E2, increases, the scattering cross sec-
tion decreases. One can see that the asymptotic ratio of
Eq. (54)
lim
p1→∞
A(p2 = 0.4 GeV)
A(p2 = 0.5 GeV)
≃ 1.1,
lim
p1→∞
A(p2 = 0.6 GeV)
A(p2 = 0.5 GeV)
≃ 0.91.
explains figure 7 very well.
On the other hand, the ratio of qˆ is always smaller
than one in figure 7 (a) and larger than one in figure 7
(b). Both ratios converge to one in the limit of large
momentum of the charm quark, because the transverse
momentum squared per collision is proportional to E1E2
in this limit, as shown in Eq. (A17) of Appendix A. If
the energy of the scattering partner, E2, increases, the
charm quark gains a larger transverse momentum. How-
ever, this enhancement is exactly canceled by the reduc-
tion of scattering cross section in Eq. (55). Therefore the
asymptotic value of qˆ does not depend on the kinetic en-
ergy of the scattering partner as derived in Appendix A:
lim
E1→∞
qˆ =
1
96πV
. (56)
To get a more realistic result, the ratios are calculated
in the DQPM and shown in figure 8. It is different from
figure 7 because the ratio of particle number densities of
figure 6 is involved to keep the energy density unchanged.
This additional constrain raises the ratios of transport co-
efficient for T ∗/T = 0.8 and lowers the ratios for T ∗/T =
1.2 and 1.4, which is shown in figure 8. As a consequence,
the asymptotic values of both transport coefficients, the
drag coefficient and qˆ, are larger than one for T ∗/T = 0.8
and smaller than one for T ∗/T = 1.2 and 1.4 in the limit
of a large momentum of charm quark. This means that
for a constant energy density heavy quarks lose more en-
ergy in matter when partons have a small kinetic energy
but are numerous, and lose less energy when they have a
large kinetic energy but a smaller number density.
C. Scenario III: non-equilibrium in parton mass
In the DQPM the QGP is composed of massive quarks
and gluons whose spectral function has temperature-
dependent pole mass and width fitted to the equation-
of-state from lattice QCD. When the matter, produced
in the heavy-ion collisions, expands, the temperature de-
creases and the pole mass and spectral width of the par-
tons, which depend on temperature, are modified. The
change of the parton spectral function can be realized
by quasi-elastic scattering which reassigns the parton
mass. If the average time between parton scatterings
is extremely short, we employ the spectral function of
the DQPM. However, if the average time is not short,
the mass distribution of partons will be different from
that in thermal equilibrium. We call this approach ”non-
equilibrium in parton mass” and study its influence on
the transport coefficients of heavy quarks by shifting the
pole mass. As in the previous subsection (scenario II),
the energy density remains unchanged by rescaling the
parton number density.
Figure 9 shows the ratio of the parton number density
with a shifted pole mass and that without such a shift.
The shifted pole masses are 0.8, 1.2, and 1.4 times the
pole mass from the DQPM. The energy density without
and with shift is identical. The ratio of the number den-
sity is larger than one for a smaller a pole mass, and
smaller than one for a larger pole mass. The deviation
from one increases with decreasing temperature because
of the dependence of the parton spectral function on the
temperature in the DQPM.
We first discuss the simple case of a momentum distri-
bution given by f(p2) of Eq. (44) where the parton mo-
mentum is isotropic with a constant magnitude k. Fig-
ure 10 shows the ratio of the drag coefficient and qˆ of a
charm quark which scatters off a parton whose mass is
0.4 GeV and 0.6 GeV and the same transport coefficient
for a mass of 0.5 GeV as a function of the charm quark
momentum, assuming isotropic scattering (|M |2 = 1). In
order to come from the momentum distribution function
f(p2) of Eq. (44) to a thermal distribution function, we
have to weight f(p2) with the Boltzmann factor e
−E/T .
Therefore, one can mimic the thermal distribution by us-
ing a common parton energy of 0.8 GeV and using the
corresponding value of k in figure 10. One can see that
at small momenta of the charm quarks both, A and qˆ, for
a parton mass of 0.4 GeV (0.6 GeV) are larger (smaller)
than those for a parton mass of 0.5 GeV. If the charm
quark momentum increases, the ratio of the transport co-
efficients converges to one, regardless of the parton mass,
though the ratio of drag coefficients crosses one before
converging. The convergence to one is consistent with
Eqs. (A11) and (A16) in Appendix A, which depend on
E2, not on m2.
The results from the DQPM are shown in figure 11
where the drag coefficient and qˆ of charm quarks with
pole masses shifted by 0.8, 1.2, and 1.4 times the pole
mass from the DQPM are divided by the transport coef-
ficients without shift. As in scenario II, the results can
be understood by combining figures 9 and 10. The ratio
of the drag coefficient is larger than one for a mass of
0.8 times the pole mass and smaller than one for masses
of 1.2 and 1.4 times the pole mass. The deviation from
one grows as temperature decreases, partialy because the
parton number density ratio deviates more from one near
Tc, as shown in figure 9. The results imply that heavy
quarks lose more energy in a QGP composed of lighter
12
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FIG. 8: The ratio of the drag coefficient (left) and qˆ (right) of a charm quark with the kinetic energy being not in equilibrium
and those in equilibrium for T ∗/T = 0.8, 1.2, and 1.4 as functions of the temperature and the charm quark momentum from
the DQPM calculations.
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FIG. 9: The ratios of the parton number density with the
pole mass being 0.8, 1.2, and 1.4 times the pole mass from
the DQPM and the number density without shifting the pole
mass as a function of the temperature, assuming that the
equilibrium and non-equilibrium energy density is the same.
partons, while they lose less energy with a QGP of heav-
ier partons, assuming that the QGP has the same en-
ergy density. This means that the strong coupling αs is
the same, because it depends only on temperature and
baryon chemical potential in the DQPM. Figure 11 also
shows that the ratios rather mildly depend on the charm
quark momentum.
IV. SUMMARY
Heavy flavor particles are one of important probes to
investigate the properties of matter under extreme con-
ditions produced in relativistic heavy-ion collisions. For
this we need first of all a proper description of the ex-
pansion of the bulk matter. In a second step we can
then deduce the transport coefficients of charm quarks
by comparing the spectra of charmed mesons with that
produced in p+p collisions and by measuring the ellip-
tic flow of the charm quarks. For describing the expan-
sion of the bulk matter hydrodynamics and transport ap-
proaches are most commonly used. The latter assumes
local thermal equilibrium whereas transport approaches
can also handle the situation when the matter is not in
equilibrium.
There are two approaches to model the interactions of
heavy flavor particles with partonic and hadronic matter.
The first is based on the Boltzmann equation which cal-
culates the interaction between bulk particles and heavy
quarks microscopically using scattering cross sections of
heavy flavor particles. In the second approach it is as-
sumed that this scattering is forward peaked and there-
fore an expansion in the scattering angle up to second
order can be justified. This reduces the Boltzmann equa-
tion to a Langevin equation in which the time evolution of
the heavy quark momentum is described by drag and dif-
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FIG. 10: The ratio of the drag coefficient and qˆ of a charm
quark which scatters off a particle whose mass is 0.4 GeV
(upper) and 0.6 GeV (lower) and the same coefficient for a
particle mass of 0.5 GeV as a function of the charm quark
momentum. The momentum distribution of the scattering
partner is given by Eq. (44) with E2 =
√
m2
2
+ k2 = 0.8 GeV
and isotropic scattering (|M |2 = 1) is assumed.
fusion coefficients in Eqs. (9)-(12). Usually these trans-
port coefficients are calculated under the assumption that
the expanding matter is always in thermal equilibrium.
In this study we have investigated how the values of
these transport coefficients change if the expanding mat-
ter is not always in thermal equilibrium.
Our study is based on the dynamical quasi-particle
model (DQPM) where QGP is composed of partons
which have spectral functions with a pole mass and a
width that depend on temperature and baryon chemical
potential. The DQPM reproduces the results for lQCD
thermodynamics as well as the spatial diffusion coefficient
of heavy quarks from lQCD.
Employing the DQPM, we have studied three non-
equilibrium scenarios
i) We have introduced an anisotropic pressure in the
medium by multiplying to parton distribution function
a weighting factor which depends on the angle of parton
14
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FIG. 11: The ratio of the drag coefficient (left) and qˆ (right) of a charm quark in a QGP with a pole mass being 0.8, 1.2, and 1.4
times the pole mass calculated from the DQPM and those without shifting the pole mass as a function of the temperature and
the charm quark momentum, assuming that the energy density is identical for the modified and for the thermal pole masses.
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momentum with respect to the beam axis keeping the
magnitude of three-momentum constant. This scenario
can be parameterized by one parameter α, which controls
the ratio of the longitudinal and the transverse pressure.
We have found that an anisotropic pressure changes the
drag coefficient and qˆ of charm quarks in the opposite di-
rection. If the longitudinal pressure is stronger than the
transverse pressure, more partons move in longitudinal
direction which is perpendicular to charm direction and
the charm quark gains longitudinal momentum through
scattering, which enhances qˆ but suppresses drag coef-
ficient, compared to an isotropic pressure. On the con-
trary, a stronger transverse pressure than the longitudi-
nal one suppresses qˆ and enhances the drag coefficient.
Both ratios approach one for a large charm quark mo-
mentum. An anisotropic pressure changes the transport
coefficients of charm quarks by at most 20 %.
ii) We have introduced lower or higher average kinetic
energies of the partons as compared to those in ther-
mal equilibrium, keeping the energy density unchanged
by adjusting the parton number density. This scenario is
relevant to heavy-ion collisions since at high momenta the
particle spectra do not fall off as thermal spectra but have
a long tail. Focusing on charm quarks with large momen-
tum, which is relevant for the study of heavy quark en-
ergy loss in the QGP, charm quarks lose more energy per
unit length if colliding with partons of smaller average
kinetic energy and hence a larger number density, while
the energy loss decreases for partons with larger kinetic
energy and hence a smaller number density. The number
density is adjusted to have the same energy density in all
cases.
The ratio of qˆ shows the opposite trend for charm
quarks with a small momentum. The qˆ ratio becomes
smaller than one if the kinetic energy of the parton is be-
low the thermal value, and larger than one if it is above.
The ratios are largest for small charm momenta where
they can deviate from one by 20%.
iii) We have introduced a non-equilibrium parton mass
(in DQPM the parton mass depends on the temperature)
by shifting the pole mass of the parton spectral function
toward higher or lower masses. The parton number den-
sity is adjusted to keep the energy density constant. If the
pole mass is shifted to lower values, both, drag coefficient
and qˆ of the heavy quarks, increase, while they decrease
if the pole mass is shifted to higher values. At moderate
temperature this observation is almost independent of
the momentum of the heavy quark. These ratios deviate
from one and the deviation can reach 50% at tempera-
tures close to the critical temperature. Thus if the mat-
ter is composed of lighter partons, heavy quarks suffer
a larger energy loss when passing through the medium,
while they lose less energy if the medium is composed
of heavier partons, assuming that the energy density re-
mains the same.
Our studies show that the transport coefficients of
heavy quarks, calculated by the Boltzmann collision inte-
gral, are different for a completely thermalized medium
and for a medium which is only partially equilibrated.
For the cases studied in this article the difference is up to
50% and depends on the momentum of the heavy quark.
For an expanding QGP a complete equilibrium cannot
be expected. There are corona particles which cannot
come to equilibrium, initially the partons need time to
come to equilibrium and the experimental spectra show
the presence of high momentum hadrons beyond what
is expected from a thermal distribution. Therefore the
transport coefficients, obtained by comparing viscous hy-
drodynamical calculations or Langevin calculations with
experimental data, are only effective and may deviate
considerably from those one would obtain if the entire
QGP were in local equilibrium during the whole expan-
sion.
.
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Appendix A
In this appendix we derive the interaction rate, drag
coefficient, and the qˆ of charm quark in the case of
Eq. (42). For simplicity, scattering amplitude is assumed
to be a constant (|M |2 = 1).
1. interaction rate
If f(q) in Eq. (33) is given by Eq. (42) , the interaction
rate is
dN coll
dt
=
pcm
16πV E1E2
√
s
. (A1)
Supposing pµ1 = (E1, p1, 0, 0) and p
µ
2 = (E2, 0, 0, ±
k),
s = 2E1E2 +m
2
1 +m
2
2,
|~p1cm|2 = {s− (m1 +m2)
2}{s− (m1 −m2)2}
4s
=
E21E
2
2 −m21m22
s
, (A2)
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where E2 =
√
m22 + k
2. Expressed in terms of E1, E2
the interaction rate is
dN coll
dt
=
√
E21E
2
2 −m21m22
16πV E1E2(2E1E2 +m21 +m
2
2)
. (A3)
In the limit of energetic charm partons (E1 →∞), the
interaction rate is simplified to
lim
E1→∞
dN coll
dt
=
1
32πV E1E2
. (A4)
Considering the asymptotic form of the scattering cross
section
lim
E1→∞
σ = lim
E1→∞
1
16πs
=
1
32πE1E2
, (A5)
for |M |2 = 1, Eq. (A4) is the scattering cross section mul-
tiplied by particle density, because the relative velocity
vic ≈ 1 in Eq. (14).
2. drag coefficient
We define pµ1 = (E1, p1, 0, 0) and p
µ
2 = (E2, 0, 0, k).
The boost velocity from the heat bath frame to the
center-of-mass frame is given by
~β =
(
p1
E
, 0,
k
E
)
(A6)
where E = E1 + E2. The energy-momentum vector of
the charm quark in the heat bath frame, (E1, p1, 0, 0),
is boosted by ~β,
p̂1
cm =
1
|~p1cm|
−γβxE1 +
{
1 + (γ − 1)β2xβ2
}
p1
0
−γβzE1 + (γ − 1)βxβzβ2 p1
 .(A7)
Boosting back the vector to the heat bath frame we
get
L˜µi (p̂1
cm)µ =

γβx(p̂1
cm)x + γβz(p̂1
cm)z{
1 + (γ − 1)β2xβ2
}
(p̂1
cm)x + (γ − 1)βxβzβ2 (p̂1cm)z
0
(γ − 1)βxβzβ2 (p̂1cm)x +
{
1 + (γ − 1)β2zβ2
}
(p̂1
cm)z
 ,
(A8)
with (p̂1
cm)µ = (0, ~̂p1
cm
). Since (p̂1)i = x̂ in Eq. (38),
only x-component contributes, and the z-component is
cancelled by the second term in Eq. (42). Substituting
Eq. (A7) into Eq. (A8), and then Eq. (A8) into Eq. (38),
and using Eq. (A2) and the relation
γ =
E1 + E2√
2E1E2 +m21 +m
2
2
. (A9)
The drag coefficient is given by
A =
(E1E2 +m
2
2)
√
E21E
2
2 −m21m22
16πV E1E2(2E1E2 +m21 +m
2
2)
2
p1. (A10)
For an extremely energetic charm quark, the drag co-
efficient is
lim
E1→∞
A =
1
64πV E2
, (A11)
which is the product of the interaction rate of Eq. (A4)
and
lim
E1→∞
L˜µx(p̂1
cm)µpcm =
p1
2
≈ E1
2
(A12)
from Eqs. (35) and (A8).
3. qˆ
As in the calculations of the drag coefficient, boost-
ing back to the heat bath frame from the center-of-mass
frame, the transverse component of the transport coeffi-
cient is expressed by Eqs. (36) and (41) as
{
δij − (p̂1)i(p̂1)j
}
L˜µi L˜
ν
j 〈∆pcmµ ∆pcmν 〉,
=
{
δij − (p̂1)i(p̂1)j
}
×L˜µi L˜νj
{
δµν
3
+ (p̂1
cm)µ(p̂1
cm)ν
}
(pcm)2, (A13)
where δ0µ = δµ0 = 0 and (p̂1
cm)0 = 0. Since the charm
quark moves in x-direction, Eq. (A13) gives
(pcm)2
3
∑
k=x,y,z
(L˜kyL˜
k
y + L˜
k
z L˜
k
z) +
{
pcmL˜µz (p̂1
cm)µ
}2
=
(pcm)2
3
(2 + γ2β2z ) +
{
γ2β2z (−E1 + βxp1)
}2
,(A14)
where L˜µy (p̂1
cm)µ = 0 as shown in Eq. (A8). Therefore,
qˆ is given by
17
qˆ =
(pcm)3
16πV p1E2
√
s
×
{
2 + γ2β2z
3
+
γ4β4z
(pcm)2
(−E1 + βxp1)2
}
=
k2(E21E
2
2 −m21m22)3/2
48πV p1E2(2E1E2 +m21 +m
2
2)
3
×
{
2(2E1E2 +m
2
1 +m
2
2)
k2
+ 1 +
3(E1E2 +m
2
1)
2
E21E
2
2 −m21m22
}
.
(A15)
Using Eqs. (A2) and (A9), qˆ of an energetic charm
quark is approximately given by
lim
E1→∞
qˆ =
1
96πV
, (A16)
which is the interaction rate of Eq. (A4) multiplied by
lim
E1→∞
〈(∆pcmT )2〉 = lim
E1→∞
2
3
(pcm)2 =
E1E2
3
(A17)
from Eq. (34). We note that 〈(∆pcmT )2〉 does not need
a Lorentz boost, different from the calculations of drag
coefficient in Eq. (A12).
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